
574 J. SPACECRAFT, VOL. 34, NO. 4: ENGINEERING NOTES

Conclusions
Based on our laboratory measurements and the preceding analy-

sis, it is reasonable to conclude that interactions between operating
spacevehicles and the spaceenvironmentcan producesurfaceswith
signi� cantly and even drastically altered SEE characteristics over
time scales much less than spacecraft lifetimes. Further, it is impor-
tant to emphasize that these changes are occurring as a result of the
deposition and removal of surface � lms on the order of only 1 nm,
i.e., tensof atoms, thick.AlthoughtheESD and ESA observedin our
laboratory are not likely to be the prime mechanisms for the surface
modi� cations that occur on spacecraft surfaces, other mechanisms
produce, at comparable rates, surface modi� cations similar to those
observed in this investigation; it is reasonable to assume that the
resulting effects on secondary electron yields will be comparable.
Of concernto spacecraftdesignersand controllersshould be the fact
that thesechangesin SE yields lead to signi� cant changesin a space-
craft’s equilibrium potential in a given charging environment. The
results of this investigationhave clearly demonstratedthe need for a
systematic, quantitative study of the dynamic evolution of the SEE
characteristics of spacecraft surfaces due to space environment ef-
fects. Speci� cally, such study is necessary if present chargingcodes
are to accurately assess the electric potentials to which spacecraft
may be subject over their entire operational lifetimes.
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Introduction

T HE variable mixture ratio is an appealing means of improving
rocket performance as it allows the engine to operate with a

high mixture ratio, i.e., high thrust-to-weight ratio and propellant
bulk density, at low altitude and with a low mixture ratio, i.e., high
speci� c impulse,at highaltitude,1 thus reducingthe rocketdrymass.
In a previouspaper,2 the rocketperformance,in the absenceof grav-
itational and aerodynamic forces, was optimized by considering a
continuouslyvaryingmixture ratio. The signi� cant bene� t, in terms
of payload increase or dry-mass reduction,suggests that the control
of the mixture ratio could be a means of making a single-stage-to-
orbit (SSTO) vehicle feasible. In the presentNote, dual mixture ratio
is considered, as it presents a lower operationalcomplexity and can
permit a comparable bene� t.

Statement of the Problem
The rocket operation is considered as being divided into two (or

more) phases with a differentmixture ratio, which is, however, con-
stant duringeach phase. In a vacuum, if a rocketwith mass m is only
subject to its thrust T , the relevant equations, in the j th phase, are
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The engine characteristics, i.e., the combustion chamber pressure
pc , and the nozzle geometry, in terms of throat area At and ex-
pansion area ratio, are considered as being assigned. Equation (1)
relates the rocket mass reduction to the propellant � ow rate, which
is expressedas a functionof the mixture ratio ® j (oxidizer/fuel mass
ratio) via the characteristicexhaust velocity c¤

j . Equation (2) relates
the hydrogen (subscript h) � ow rate to the propellant � ow rate by
means of the mixture ratio,whereas Eq. (3) relates the velocityV in-
crement to the effectiveexhaustvelocityc j , which is only a function
of ® j . The mixture ratio is constant in each phase, and Eqs. (1–3)
can be analytically integrated to obtain the values of m, mh , and V
as a function of t once ® j is given.

The optimizationconsists in the determinationof the time length
and mixture ratio for each phase to maximize a given performance
index ’ while obtaining an assigned value for the � nal velocity V f ;
by assuming the rocket initial mass is unitary, the minimization of
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the gross mass per unit payload (which is related to the mission
feasibility) is equivalent to maximizing the payload itself:

’ D mu D m f ¡ me ¡ m t

D .1 C ko/ m p f ¡ .kh ¡ ko/ mh f ¡ ko ¡ m e (4)

where m t is the tank mass (proportional to the propellant volumes
and, therefore, to the propellant masses via the constants kh for the
fuel and ko for the oxidizer) and me is the engine mass, which also
includes all other masses that are independent of the propulsion re-
quirements.Subscript f indicates the � nal value.On the other hand,
if the dry mass m f (related to the system costs) per unit payload is
minimized, the performance index that must be maximized is the
payload/dry-mass ratio,
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The parameters of the optimization are the mixture ratio and the
time lengthof each phase,and the performanceindexdependson the
parametersvia the � nal values mh f and m f . The optimal values can
be obtained by nullifying the performance index derivatives with
respect to the parameters and by numerically solving the nonlinear
algebraic system that arises.

In the present approach, to exploit the theory of optimal control,
the Hamiltonian is de� ned as
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On the basis of the Euler–Lagrangeequations,3 the adjoint variables
¸h and ¸V result to be constant, whereas in the j th phase,
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The problemis completedby the boundaryconditions:if the integra-
tion intervalis split intophasesthatexperiencehomogeneouscontrol
law, a general expression for the optimal conditions at the junctions
can be obtained.3;4 The initial values (t D 0) for Eqs. (1–3) are
m0 D 1 and mh0 D V0 D 0. Moreover, the � nal velocity V f D 1V
is prescribed.

The rocket and hydrogen � nal masses are not speci� ed, and the
necessary conditions for optimality are3
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Because neither the performance index nor any constraint involves
the independent variable, the Hamiltonian is zero at the � nal time
and continuous at each jump in the mixture ratio. Moreover, the
process is autonomous, i.e., not explicitly dependent on time, and
the Hamiltonian is constant and, therefore, null during each phase.

To determinetheoptimalvaluefor themixtureratio in eachphase,
the trivial equationd®=dt D 0 is addedand a furtheradjointvariable
¸® is introduced. The Euler–Lagrange equation, which rules ¸® in
each j th phase, is

d¸®

dt
D

pc At

c¤
j

³
¸h

.1 C ® j /2
¡

¸V

m

dc j

d®

´
(10)

as the Hamiltonian is identically null.
The mixture ratio does not appear in the performance index and

is not involved in any constraint; therefore,¸® D 0 at the initial and
� nal time andat everyswitch froma constant-® phaseto thenextone.

The expressions that Eqs. (8) and (9) assume, depending on the
performance index, can be found elsewhere.2 The boundary value
problem outlined in this section is solved by means of a procedure4

based on Newton’s method and developed to deal with trajectory
optimization. Note that Eq. (10) can be analytically integrated; this
analytical solution obviously leads to the same nonlinear algebraic
system as the classical approach.

The propellant � ow rate pc At=c¤
j is not involved in the optimiza-

tion procedure and simply appears as a multiplier in each differ-
ential equation. Therefore, time could be eliminated by assuming
the ejected propellant mass as the new independent variable2; the
present formulation is, however, preferred as it can easily be ex-
tended to the optimization of actual ascent trajectories also to take
gravitational and aerodynamic forces into account. The effective
exhaust velocity and the propellant � ow rate itself are, however,
strictly related to the pressure in the combustion chamber.

Numerical Results
Numerical computations have been carried out by assuming

kh D 16=70, ko D 16=1141 (ratios between the tank mass per unit
volume and propellant bulk density), and me D 0:05 according to
Martin’s5 suggestions (m e is not identically de� ned). The effective
exhaust velocity in a vacuumhas been computed for a 200-barcom-
bustion chamber pressure and an 80 nozzle expansionarea ratio, by
considering a one-dimensional frozen equilibrium � ow, but for the
sake of simplicity, it has been approximated by using the parabolic
relation c D c0 ¡ c1.® ¡ ®¤/2, where ®¤ D 3:8, c0 D 0:585, and
c1 D 3:532 £ 10¡3 (throughout velocities are normalized by using
the circular velocity at the Earth surface as the reference value).
A numerical solution, however, can be obtained for any different
function c.®/.

Figure 1 refers to the maximizationof the payload/dry-mass ratio
for 1V D 1:25 and shows a parametric study for the two-phase
operation.By � xing ®1 and ®2 , the optimal switching time is found
by means of an ordinary differentiation of the performance index.
The higher mixture ratio, i.e., higher consumption of the oxidizer,
which presents higher bulk density and, therefore,a lighter tank per

Fig. 1 Payload/dry-mass ratio for two-phase operation.

Fig. 2 Control histories for maximum payload/dry-mass ratio.
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Fig. 3 Payload/dry-mass ratio increment.

unit mass, is always used in the initial phase to reduce the tank mass,
whereas the lower mixture ratio, i.e., higher speci� c impulse, is used
in the � nal phase where, due to the rocket mass reduction, most of
the acceleration is obtained.

Figure 2 shows the mixture ratio as a function of the velocity
increment when the same � nal velocity .1V D 1:25/ is achieved
using an increasing number of constant-® phases and, eventually,
a continuously variable mixture ratio. The mean mixture ratio in-
creases with the number of phases from 5.52 to 5.77 and moves
far from the value ®¤ D 3:8, which corresponds to the highest spe-
ci� c impulse; the increasingnumber of phases allows one to exploit
a larger range of mixture ratios, thus increasing the effects of the
tank mass reduction (� rst phase) and the exploitation of the higher
speci� c impulse (� nal phase). The performance index, therefore,
increaseswith the number of phases, as can be seen in Fig. 3, which
presents the relative increment of the payload/dry-mass ratio with
respect to the constant-® operationas a functionof the characteristic
velocity 1V . Most of the bene� t, however, is obtained by passing
from a one-phase to a two-phase operation (whose mean mixture
ratio is 5.72). The dual mixture ratio presents a further advantagein
that the range of the exploited mixture ratio is smaller, with lower
operational complexity. It is evident that the variable mixture ratio
operation is appealing for the most demanding missions.

Figure 4 compares the mixture ratio for the maximum payload
and maximum payload/dry-mass ratio: for a low-1V operation the
control strategies are very different, whereas they become similar
for marginal missions. The maximization of the payload/dry-mass
ratio always implies a higher mean mixture ratio, i.e., lower tank
masses.

A comparison of the results suggests that the use of either perfor-
mance index is the same for high-1V missions, where the greatest
bene� t of the mixture ratio control can be obtained. In contrast, the
control law is quite different if the velocity increment is moderate.

Fig. 4 Maximum payload and payload/dry-mass ratio comparison.

Conclusions
Rocket performance in the absence of gravitational and aerody-

namic forces has been optimized by means of an indirect method
by considering the engine operation divided into phases with dif-
ferent constant mixture ratios. The bene� t, in terms of payload and
payload/dry-mass ratio, is signi� cant for the most demanding mis-
sions,when the optimal strategyis almost independentof the perfor-
mance index, which is maximized. In contrast, if the characteristic
velocity is low, the performance improvement is moderate and the
control strategies are quite different.

The resultssuggestthat,byoperatingtheenginewith two different
values of the mixture ratio (the higher in the initial phase, the lower
in the � nal phase), a signi� cant bene� t is obtained. This control
strategy is simple and seems to be a promising means of improving
launch system performance and, in the near future, of making an
SSTO vehicle feasible.
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